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Abstract—Low-complexity schemes have been widely applied
in massive MIMO systems to alleviate the complexity burden
associated with high-dimensional signal processing. However, in
XL-MIMO systems, many traditional low-complexity methods
become impractical due to the significant degradation of channel
conditions caused by near-field effects. In this paper, we propose
the diagonal dominance ratio indicator (DDRI) of the Gram
matrix to effectively assess the channel quality in XL-MIMO
systems. Building upon this metric, conventional low-complexity
schemes can be adaptively selected and reliably deployed for
efficient implementation. Specifically, we first derive a closed-form
expression for this metric under LoS conditions, and extend the
analysis to NLoS conditions through the random matrix theory.
Then, according to the derived results, we obtain a closed-form ap-
proximation of the proposed DDRI that admits O(1) complexity,
enabling efficient evaluation of channel quality. Simulation results
validate the theoretical analysis and demonstrate the effectiveness
of the proposed metric.

Index Terms—Extremely large-scale MIMO, diagonal domi-
nance, channel quality, low-complexity signal processing.

I. INTRODUCTION

To meet the stringent performance requirements of 6G net-
works, recent advancements have introduced extremely large-
scale MIMO (XL-MIMO) systems, which deploy much more
antennas compared to conventional massive MIMO systems
[1]. However, as the array aperture expands, communica-
tion distances now fall within the near-field Rayleigh region.
Therefore, the channel modeling paradigm shifts from the
uniform plane wave (UPW) approximation to the non-uniform
spherical wave (NUSW) model exhibiting pronounced spatial
non-stationarity [2] [3]. Unfortunately, this change may lead
to an ill-conditioned channel, which is substantially different
from the favorable channel condition in massive MIMO.

Specifically, conventional far-field massive MIMO systems
benefit from channel hardening and favorable propagation,
where the channel matrix becomes near-orthogonal as the
number of BS antennas increases. Leveraging this property,
numerous low-complexity methods have been developed to
achieve near-optimal performance while bypassing complicated
matrix computations, including approximate inversion tech-
niques [4] and iterative solvers [5]. However, these methods
are highly sensitive to channel conditions and experience slow
convergence and diminished accuracy once channel conditions
deteriorate. As a result, they may not be well suited to
XL-MIMO systems, where the channel conditions are more
challenging.
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In this paper, we propose an effective yet computationally
efficient metric, the Gram matrix diagonal dominance ratio
indicator (DDRI), for assessing XL-MIMO channel quality.
Rather than universally resorting to high-complexity process-
ing, our approach leverages DDRI to evaluate the channel
quality with minimal computational overhead. In particular, a
closed-form approximation of the proposed DDRI is derived
in terms of the UE and BS geometric parameters (i.e., the link
distance and angles), which enables O(1) complexity without
explicitly forming the Gram matrix. Based on it, transceivers
can adaptively select the appropriate signal processing strategy
that best suits the current channel conditions. Overall, our
methods enable the avoidance of unnecessary computational
expenditure, achieving significant complexity reduction with
negligible performance loss.

II. PRELIMINARY

Consider a near-field XL-MIMO communication system
illustrated in Fig. 1, where the BS and the UE employ uniform
linear arrays (ULAs) with N and K antenna elements, respec-
tively. The inter-element spacings are d, (BS) and d; (UE).
The BS array lies in the xy-plane, is centered at the origin,
and its axis is oriented by the azimuth angle 6,., yielding the
unit direction vector u, = [sin @, cos f,.,0]7". Without loss of
generality, the UE array center is placed at ¢; = [rg,0,0]7,
and its axis is oriented by elevation #; and azimuth ¢;, with
unit direction vector uy = [sin 6y cos @y, cos by, sin 6, sin ;] 7.
Letn eIy ={-(N-1)/2,...,(N—=1)/2} and k € T =
{—=(K-1)/2,...,(K —1)/2} index BS and UE elements,
respectively. The element positions are b, = nd,u, and
tk =C; + kdtut.

For XL-MIMO system, the received signal vector y € CV
can be expressed as

y = Hx +n, )

where x € CK is the transmitted symbol vector with covari-
ance E[xx] = Ik, and n € CV is additive white Gaussian
noise (AWGN) satisfying zero mean and E [nnf ] =o21y.

The near-field channel matrix H € CV*X is composed of
both LoS and NLoS components [6]

K 1
H=,/— Hps+/—— Hypos, 2
P LoS + w1 HNLos 2

where k is the Rician K-factor, representing the relative power
between the LoS and NLoS components. Under spherical-wave
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Fig. 1. Overview of near-field XL-MIMO configuration with dual-ULAs.

propagation, the deterministic LoS component between BS
element n and UE element k is

2
[Hpos], s = —— exp (J rn,k) : 3)
Tn,k A

where p is the small scale channel gain and r,, ;, is the distance
between two antennas. Meanwhile, the NLoS component is
modeled as independent but not identically distributed complex
Gaussian fading with distance-dependent variance

[Hxgos]n i ~ ——CA(0,1). (4)

Tn,k

Here, 7, i denotes the propagation distance between the n-th
element of BS and the k-th element of UE, i.e., 7, = ||by, —
tr||. Note that in this paper the case that the array aperture
is much smaller than the link distance is considered, which
is widely applied in the model of XL-MIMO systems [7]. In
this condition, the amplitude variations across the array are
negligible and absorbed into a constant gain, i.e.,

B2 p/ro

While the phase requires a more accurate Fresnel approxi-

mation due to its sensitivity to the inter-element path-length

differences [1]. To be specific, the exact expression of 1y, j
and its corresponding approximation are given in (5.b).

To characterize the channel quality, the effective degrees of

freedom (EDoF) is a commonly used metric that reflects the
number of substreams channel can support, defined as

51 (Tr<G>>2 ()

1GllF DA
where G = H” H is the Gram matrix representing the correla-
tion of the channel matrix, and \; denotes the i-th largest eigen-
values of G. Typically, a higher value of EDoF corresponds to a
better-conditioned channel with lower correlation. However, the
main limitation of EDoF is its prohibitive computational cost,
as it requires the full set of singular values. This operation has
a complexity of O(NNK?), making it impractical for real-time
channel assessment, especially in large-scale systems.

(5.a)

(6)

III. DIAGONAL DOMINANCE RATIO INDICATOR OF GRAM
MATRIX

With respect to the Gram matrix G = H?H, its diagonal
ratio is considered as

2]111 \gij]  9iil + 22544 19351

for the i-th stream, where g;; = hf’h; is the (i, j)-th entry of
G. Typically, «; quantifies the ratio of desired signal power
to total signal and inter-stream interference. Based on «;, to
better evaluate the channel quality of H, we now define the
Gram matrix diagonal dominance ratio indicator (DDRI) as

oy =

)

*

a* £ min Q;, ®)

1<i<K

and it is natural to deduce that a larger a* implies stronger
diagonal dominance of G. In particular, when o* > 1/2, G is
diagonal dominant by satisfying [4]

lgiil =D lgisl, Vi=1,2,.. K. 9
J#i
Put it another way, this implies that the channel matrix H is
near orthogonal with a good channel condition, which can be
verified by the following result.

Corollary 1. When o* > 1/2, the condition number of H is
upper bounded by

9max 1
9min 20" — ]-’

cond(H) < (10)
where gmax and gmin are the maximum and minimum value of
diagonal entries of G.

Proof: Let G; = Zj# |gij| denote the absolute row sums
of the i-th row without the diagonal element. Since G is
Hermitian, Gershgorin’s disk theorem reduces to intervals on
the real axis. Therefore, the eigenvalues of G satisfy [8]

Y

After that, substituting G; = (1/a; — 1)g;; into (11) yields the
following bounds on the extreme eigenvalues

miin(gii(Z —1/03)) < Anin(G) < Anax(G) < miax(gii/ozi).

(12)
Finally, recalling that cond(H) = /Amax/Amin completes the
proof. [ ]

Based on Corollary 1, the channel condition of H can be
well evaluated by the proposed DDRI a*.

For a better understanding, Fig. 2 is provided to illustrate
the relationship between DDRI and the condition number of
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Fig. 2. Relationship between DDR?I;RI agd the condition number cond (H)
for the near-field channel model in (2).

H, where cond(H) monotonically decreases with the improve-
ment of . Motivated by this, we further propose applying
a* > 1/2 as a decision threshold to select the upcoming signal
processing solutions.
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Fig. 3. The structure of the proposed DDRI-based judgement mechanism

Specifically, as shown in Fig. 3, when o* > 1/2, by
Corollary 1, the channel is deemed as well-conditioned such
that the traditional low-complexity schemes can be employed as
usual. Otherwise, the channel turns out to be ill-conditioned. To
be more specific, the columns of H are highly correlated with
each other, such that those traditional low-complexity schemes
that chiefly depend on good channel conditions may fail to
work. Hence, in this condition, the classic signal processing
solutions are preferred for the sake of system performance.
Overall, thanks to this judgement mechanism, low-complexity
schemes can be reasonably applied to XL-MIMO systems
with negligible performance loss. Nevertheless, we have to
point out that the key to such a mechanism heavily lies in
efficiently computing the proposed DDRI «a*, which will be
fully investigated in the following section.

IV. EFFICIENT APPROXIMATION OF DDRI

Regarding the channel matrix H, in order to efficiently
obtain its DDRI a*, we first decompose the Gram matrix
G = HH based on the channel model in (2), i.e.,

G = s lHLOSHLoS + HNLOSHNLOS
\F (13)
+ s 1(HLOSHNLOS + H{{ ,sHLos).-

Since Hjp,g is deterministic and Hyy,,g is statistical with
zero mean, the cross terms in (13) (i.e., HEOSHNLOS and
H, sHLos) would vanish in terms of expectation, so as to

E[G] =

——Gos + 7E[GNLOS] (14)

k+1
Then, based on (14), we begin to analyze Gr.s and Gnrios,
respectively, to seek for the efficient approximation of a*.

A. Efficient Approximation for Components of Gros

We begin with the entrywise analysis of the associated Gram
matrix Gi,,s. According to (5.a) and (5.b), Hy,s can be
factorized by

Hios = ®, Ve ei2mo/A (15)

where @, € CNV*N and ®, € CE*K are diagonal and unitary
matrices accounting for the phase shifts induced by BS and
UE, respectively, and V € CN*K is a Vandermonde matrix
accounting for the array coupling. Specifically, the entries in
®,. &, and V are given by

[(I)”‘]n,n = exp [J 2mnd, sin @, __ j

5 jrindecos 9”2} : (16)

(@], = exp {jw —ine ((kd; sin 0, sin ;)
+ (kdy cos 902)], a7)
2rd;d, 0 0, .
Vi — exp {j wdyd,. cos 0 cos nk} 5 oxp (12mk).
)\7’0
(18)

Here, we introduce a near-field coupling parameter as follows

n £ wdsd, cos 0 cos 0,/ (Ar). (19)

Note that this parameter bears the information of array spacing
d, d, and link distance rg.
Then, based on (15), Gi,,s can be expressed as,

GrLes = 2[®, Velie vol

W pe, vEveH (20)

where equality (a) holds because of @f P, =1

Then, since ®, is diagonal with unit-modulus entries, left
and right multiplication by ®, preserves the entrywise magni-
tudes of Gp,,g, namely

[[@, VIV, ;| = |[VIV] | (21)

Hence, the entrywise magnitude of Gros is primarily deter-
mined by the scalar factor 32 and inner product VZV with

7‘]7’](1 §)(N+1) sin(Nn(i—j))
sin(n(i—j)) ~

(22)
Meanwhile, as [VHV]; ; depends solely on the index differ-

N
[VHV]M - Z e(=32nn(i—7)) —

n=1

ence § = |i — j| = 1,2,..., K — 1, the magnitudes of the
components in Gp,g exhibit a Toeplitz structure, such that
si § . .
gk = BN and [ghS| = B |50 fori £ j. (23)

Lemma 1. For N,K — oo with K/N < 1, by defining
GloS & Zj¢i|g}jos , it follows that

il (2 In(NKn) + c) ,
7] Vs

where C' is a constant independent of N, K and n.

G5 ~ (24)



Proof: To begin with, according to (23), the discrete sum
in G5 follows

B K—-1 o 2 Kn .
Gros = '3 bmad)| @ 52 [0l
2 T T n Jo Tsind]

()ﬁQ/NK’7 [sint| dt
nJo  [sin(t/N)| N

o) 32 NKn 2
()[i/ |Smt| fﬁ—J(NKn)
n Jo t

Q

(25)

with J(z) £ [ |sint|/tdt. Here, (a) approximates the d1screte
sum by 1ts integral form, (b) applies the substitution ¢t = N4,
(c) stems from Taylor expansion sin(e) = e—e3/(3!1)+O((€)%).
Next, with respect to J(z), the integral interval [0, 2] can be
partitioned into M = |x/7| main sub-intervals as follows

[0,2] = [0, 7|U...U[(M = 2)m, (M — 1)7)] U [Mm,z] . (26)
——
M sub-intervals residual part
Based on it, J(z) can be rewritten as follows
Z / Lmdt /m M Sintdt
t 27
—_———

% R(z)

In particular, note that the residual term R(x) in (27) satisfies

0 < R(z) < 5% = O(z™!), rendering it negligible as z — oc.

Therefore, J(x) can be approximated by
J(z) = S(z) + Oz 1) (28)

for a large value of z.
As for S(z) in (27), within each sub-interval, local coor-
dinates are introduced via t = 7 + km with 7 € (0, ), such

-5 [

For k£ > 1, the denominator 7 + k7 satisfies knm < 7+ k7 <
(k+ 1)m, so as to

sinT
T+ k7r

(29)

sinT sinT

< <
T4 kmw km

sinT
(k+1)m
because of sin7T > 0 in each sub-interval.

Meanwhile, since numerator sin 7 satisfies fow sintdr = 2,
integrating (30) over [0, 7] obtains

(30)

2 < / T osinT gr < 2
(k4 1)m o T+km 4 kn
Then, based on (31), the following results about (29) can be
arrived:

€2y

1\/[1 2M1
Zm<s )<Sl +;

where the case kK = 0 is treated separately and captured by
Jy sint/Tdr = Si(m).

(32

| =

k=1

Furthermore, based on (28), bz& 1nV0k1ng the classical expan-
sion for the harmonic sums, ), ;" + =InM +~v+ O(1/M)
and recalling that M = |z /7|, we can have

2
J(z) = ZIn(z) + C+ Oz~ 1), (33)
71'
where the constant term C' is bounded by
Si(m) + 2(y =1 —In7) < C < Si(m) + 2(y —In7). (34)

Finally, matching the integral interval in (25) with z = NKn
and multiplying by 32 /m, yields the results in (24). [ ]

In practice, a larger GX°S indicates stronger interference and
hence worse channel quality. We therefore adopt the upper
bound C' = Si(r) + 2(y — In7) ~ 1.491 as a conservative
value for the constant C' in (24).

B. Efficient Approximation for Components of GNLos

Similarly, consider the small aperture assumption in (5.a),
Hnros can be expressed by

[Hxtos)nk ~ BCN(0,1). 35)

Then, let h¥™°S = 3z, with z; ~ CN/(0,1y) denote the i-th
column of Hyr g, when the number of N is large, the magni-
tude of diagonal entry in Gyros approaches NE[[|hNLoS||2] =
BQN by the laws of large numbers, i.e., |g;;| ~ B2N [4].
Meanwhile, as for the (i, 7)-th off-diagonal entry of Gnros,
we have

LoS| |(h1_\ILoS)Hh;\ILoS|

|95 (36)

= B°|zi'.
Accordingly, define Z £ z!'z; € C and express it as Z =
A+ jB with A, B € R. To consider the magnitude of the

off-diagonal entry, we define
= |2] = |al'z;|= VA2 + B=.

Next, we examine the statistical properties of R. First of all,
by definition, the joint characteristic function (CF) of A and B
is related to their joint probability density function (PDF) via
a two-dimensional (2D) Fourier transform

(37

U4 p(wr,ws) = 412 / / elwratwsd) ) p(a, b)dadb.  (38)

In particular, for the inner product of two independent N-
dimensional complex Gaussian random variables, the joint CF
of the real and imaginary part, A and B, is given by [9]

_N
w? er%)

1 (39)

Uy plwr,w2) = (1 +

Since ¥4 p depends only on radial frequency p = \/w? + w3,
the distribution of Z is spherical symmetric. In this case, the
joint density in polar coordinates f4 p(r,0) depends only on
the radial distribution fr(r),

fR(T) = 27T71fA7B(T7 9)7 (40)



where (f) holds because f4 p(r,0) is independent of ¢ under
spherical symmetry. Meanwhile, the joint PDF f4 p(r,6) in
(40) admits the representation [10]

@ 1 7T prcosto—)

) € U 4,5(p)pdpde
0 0

©

fA,B (7", 6)

Jo(pr)¥ a 5(p)pdp, (41)

2
where (d) stems from the 2D inverse Fourier transform of CF,

(e) uses the integral identity of the zeroth-order Bessel function
of the first kind, i.e., 2mJo(pr) = [T e7IPreos@=9)qg,

Lemma 2. The PDF of R fr(r) follows

Frlr) = oK1 (2r) @)
R(T) = (V) N—-1
with the expectation given by
vVaN
E[R] = “—, (43)

where T'(-) denotes the Gamma function and K,(-) is the
modified v-order Bessel function of the second kind.

Proof: First of all, combining the spherical symmetry
identities in (41) and (40), we arrive at the following expression
for the radial density

-N

frlr) =7 [ Tl (1+2) Vap
(9) 4rN
()

where (g) follows from the Bessel integral identity [11,
Eq. (6.656.4)] with v =0, u=N—-1,a=2,b=r, ie.,
a’ HpH

/°° J, (bx) zv+1 g —
o @+ T W)
Then, based on fr(r) in (44), the mean of R follows

Bir= [ rn)ar= [T

Moreover, according to [11, Eq. (6.562.16)], the following
integral in terms of K, (2) can be reformulated as

KN 1 (27‘) (44)

K,_,(ab).  (45)

NHLK 1 (2r)dr. (46)

/0 x“K,,(ax)dxz2“_1(1_“_111(%)11(1*’;77”). 47

Next, with the substitution z =r, v =N —1, y = N +1, and
a = 2 in (47), the expression in (46) simplifies to
val (N +1)

2 (N)
After that, as N — oo, the Gamma ratio in (48) admits the
Stirling’s expansion, namely,

L(N+3) 1 1
2 N1 —

(V) ( sV 1N

Therefore, substituting (49) into (48) concludes the proof. MW

E[R] = (48)

+O(N‘2)> . (49)

Corollary 2. For N,K — oo with K/N < 1, by defining
GRS £ 57 ilgiyoS|, it follows that

E[GI"%] ~ (K — 1)

v ZN . (50)

Proof: First of all, Lemma 2 provides the expectation of
radial distribution in (43). Based on it, the magnitude of off-
diagonal gNLOS satisfies

B[l = FBIR) = 52 Y

Moreover, since all off-diagonal magnitudes | gl]L°S| are inde-
pendent and identically distributed, GN°5 follows

E[ [gNS] = E[lg5-S] .
J#i J#i
Finally, substituting (51) into (52) completes the proof. |

(51

GNLOS (52)

C. Efficient Approximation of o* by the Expectation of its
Upper Bound

Based on the efficient approximations of both Gi,,g and
Gnros, we now provide an efficient way to estimate the
expectation of the upper bound of the proposed DDRI «a*, thus
enabling the DDRI-based mechanism for XL-MIMO.

Typically, by letting & denote the mean over q;s for 1 <
i<K,ie,a=+ Zfil a;, we have

a* < a, (53)
where Theorem 1 is given for the efficient approximation of
Q.

Theorem 1. Given the channel model in (2), for N, K — oo
with K/N < 1, it follows that
_ N
Ela] ~ 2 1 (K—1 /N
Proof: To start, the diagonal terms g;; and the off-diagonal
sums (G; concentrate around their expectations by the law of
large numbers. Therefore,

(54)

_ |gii Elgii]
Efa] = IE[ } ~ . (55)
a lgiil + Gl Elgis] + E[G]
On one hand, the expected diagonal magnitude satisfies
K o o 2
Ellgiall = —— 19| + 7 Ellgi™®[ = B*N. (56)

On the other hand, according to Lemma 1 and Corollary 2,
we can obtain the approximation of the expectation of G; as

follows
LoS NL S
i _|_1 Z‘g’bj ¢ |
J#
—BQ[KL( 2 I(NKn)+0) + 7 (55 VaN)], (57)

Substituting (56) and (57) into (55) completes the proof. ®
Based on Theorem 1, we propose to apply E[@] in (54) as an
approximation of a* to facilitate the DDRI-based judgement



mechanism. With this closed-form approximation, a® can be
roughly estimated with O(1) complexity, avoiding explicitly
forming the Gram matrix or computing its spectrum. In fact,
as shown in Fig. 4, the gap between o* and E[a] is mild.

V. SIMULATION

In this section, simulation results are presented to validate
the theoretical findings and provide further insights. We use
the uplink detection scenario as a case study to demonstrate
how the DDRI enables the judgement mechanism of signal
processing strategies. Consider an XL-MIMO system operating
at 30 GHz, corresponding to a wavelength of A = 0.01 m. Both
transmitter and receiver are equipped with a ULA comprising
N = 1024 antennas, with X = 30 antennas and a distance
ro = 100 m, thus ensuring near-field conditions. Pure NLoS,
weak LoS, and strong LoS conditions are modeled by fixing
the Rician K-factor to Kk = 0, kK = 4 and k = 8, respectively.
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Fig. 4. Comparison of the real value of a* in near-field and corresponding

predicted value E[&] in (54) across Rician factors k.

Fig. 4 plots the real value of DDRI «a* together with the
corresponding predicted value E[a] derived in (54). The black
dashed line indicates the threshold above which low-complexity
methods are enabled. In the presence of a LoS component (i.e.,
k =4 and k = 8) both the exact a* and its approximation E[a]
increase with the coupling parameter 7 regardless of the Rician-
K factors. However, by setting x = 0 in (54), we can obtain
the expression for DDRI in pure NLoS condition. The resulting
expression is then independent of coupling parameter n and
is primarily determined by the system dimensions N and K.
Additionally, a moderate-sized configuration with N = 512 and
K = 20 is included to assess the effect of system dimensions,
thereby demonstrating that E[a] remains stable across different
array sizes.

It is also observed that, when a LoS component is present,
Fig. 4 exhibits a surge around 7 = 3.5 x 1073, which results
from the zero point of (23). At this point, all off-diagonal
interference terms tend to zero, thus producing an extremely
large value of the DDRI.

Fig. 5 compares the BER performance under different DDRI
levels. As a* increases, the channel quality becomes bet-
ter conditioned, leading to a consistent improvement in the

=
@ 10!
~
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MMSE (C: a* = 0.50) |
CG (C: o = 0.50)
—e—MMSE (D: a* = 0.60)
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Fig. 5. Near-field BER comparison for MMSE and Low-Complexity Methods
(CG) under different DDRI a* levels, i.e., o* € {0.30,0.40,0.50,0.60}.

detection performance of the conventional MMSE scheme.
Meanwhile, the performance gap between MMSE method and
the low-complexity conjugate gradient (CG) detector narrows
consistently. In particular, when o* > 0.5, the CG curve
nearly coincides with the MMSE curve across the entire range
considered.
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